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The method of f inite integral  transforms is used to solve problems of unsteady heat  conduction in hollow 
cylinders with moving internal  boundaries. The relations obtained allow the temperature  field and th'e 
law of motion of the boundary to be determined with the required accuracy. 

Solutions have been given [I] for problems of unsteady heat  conduction with a moving boundary for a s emi - in -  

f inite layer  and an infinite plate  of thickness R with various boundary conditions at the fixed wall.  

This paper describes an extension of the above method to problems of unsteady hea t  conduction in hollow cy l in-  

ders with various boundary conditions at the free wail. 

Let us examine  the case with a boundary condit ion of the first kind at the outer wall.  

Let the system of equations be: 

Ot - -  a I 4- ), R I  < r < R~,  ":>0, [ O~t 1 at " 

a ~ ~--O-~P r Or 

t (r, =) l~=o = O, 
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Using the integral  transform ['2] 

where 
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and gn are roots of the character is t ic  equation 

W 0 (k ~n) = Y~ (,%,) Jo (k F.) --  J, (F.) Yo (k ,,~,,) : 0 (7) 

for k = Re/R1, and using the conversion formula for this case in the form 

so ( , )  Wo 
J~ (Fn) - -  J~ (k Fn) ~ ' 

(8) 
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we obtain the following solution of problem (1)-(4): 

(c ) ]  = t ( r ,  =)  = 

- - 2 R ~  ,,Z.~_~ d~ (/e p,,,) -- S? (F,,) exp R~ c X 

X Wo Pn " ~'~,~ R1 
0 

- - X  
(9) 

From (9) we can determine the t ime r 0 for the temperature at the boundary r = R I to reach tin, i. e , ,  

tm  [o(r, %). (10) 

The left side of (10) is the temperature distribution at t ime r 0. 

Taking (10) into account, we see that the termperature field at t ime  r ~ r 0 wil l  satisfy Eq. (1) (R1 < r < R=, 

>" %)-, the ini t ia l  condition t(r, %) = f o  (r, Co), condition (4) at the outer surface, and the condit ion at the inner 
surface 

t (r, c)Ir~-2?, ~- tin. (11) 

From t ime r = r0 the boundary r = R 1 begins to move according to the equation r =  s(r). The heat balance equation at 

the interface has the form 

~, a t  _ Q ( c )  +PF ,:Is . ( : t 2 )  

Or 2r: r d "~ 

It is necessary to determine function t ( r ,  c)for/" > R1, z > 0 (~=o < c < T o ,  To----- % + T)and  the function 

s(r). 

This problem may be solved using the method of [11. As in [1], we divide T into n parts, corresponding to times 

r , ,  % . . . . .  r n --- To, Ac i = el+ 1 - -  c i. The point Oi (r = s ( ~ )  on the r axi~ corresponds to t ime ri .  We assume that 

O i moves in jumps, L e . ,  O i is stationary for r z < r < r i+  I, but at r = r i+  x it jumps instantaneously to Oi+ v We 
therefore have the broken l ine Sn(r ) instead of s(r). 

Considering the interval Ari, we see that ftmetion t i satisfies Eq. (1) ( r  > Q, .c > ci) ,  the in i t ia l  condition t i 
(r, c i) = fi (r,  z,) = t i _ l ( r  , ~} ,  the boundary conditions (11) when r = ri, and (4). Applying to this problem for the 

interval ZXr i, r - r i, the transform [2] 

R2 

r i 

"~) Vo ~"i dr, (13) 

where 

and 6ni are roots of the characteristic equation 

Vo (k~ ~.) ~ Yo (~i) Jo (kz ~-r - -  Jo (~:)Yo (kr ~.i) = 0 

(14) 

(15) 
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when k i = RJr i , and using the conversion formula 

oo 
~2 

hi= I 

we obtain the solution in the form 

VUlpine (x)] = t i (r, '0  = 

Vo @"i 
Jo ~ (a,~) - Jo ~ (kl %) 

r) 
r l 

(16) 

V;  -~ [~,,~ (x)] = t~ (r, , )  = 

9. 2 . g r ~ ~ 'n, Jo(k,'ni)Vo( n , - - r ,  ) 
= ~ ni=l j2  ,g ~ Z 2 (k l gnt ) 

o[ hi) - -  
• 

N {a exp 
d 

• @~rl ]dz+exp 
R2 

r i 

a ~2 ] 
"i (,~__ %) X 2 

ri 

• 
.(17) 

Taking into account that  f, (r,  zi) = ti-l(r, xi), we can express ti_ t in terms of t i_z,  using (17), and s imilar ly  

express t i_2 in terms of t i_s and so on. 

Using (12), we can now determine the unknown values r z = s ( r i )  , i . e . ,  the approximate  law of motion of the 

boundary. 

For t ime  �9 (xi < z ~ x~+t) conditions (12) may  be writ ten in the form:,  

ds _ q(~)  + ~. ot~ , (18) 
d~ 2~ s i p F p F Or 

where r has been replaced by s i on the right side; then the right side is the  known function of r .  Integrat ing (18) with 

respect to r from r i to r i+  x and summing the equali t ies  for i = O, 1, 2 . . . . .  l (l  --- n), for the function s ( r )  we have 

lm l  

s (,~) - s ( 'o) = ~ [s (,~+~) - s (,~)1 = 
i = 0  

l--1 ~iq-1 
(19) 

and, knowing s i ( r) ,  we can  obtain t i (r, T) from (17) for r -> r i and r ___ r i. As regards problems with boundary condi -  
tions of the second and third kind at the  outer surface, the course of the solution is no different from the foregoing. 

The same integral  transform formula is used to solve these problems, but with different kernels [2], and there-  

fore different conversion formulas. For this reasoh we shall  give only the f inal  solution for the temperature  field in the 

in terval  A r  i, For problems with a 'boundary condi t ion of the second kind at the outer surface we have 

G-' D-,n~(~)] = t~(r, ~)- 2r~ 2 J~ (k, J ~ ( ~ )  
�9 n . =  1 $ 
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where 

and Vni 

X {a exp 

a ~n •  ~n~ �9 d e +  exp -- " (~--~i) 
2 r.2 

f i  t 

; (r )~r  X rfi(r, ~i) G O v~ ri 
r i 

] ; [  ( ] a r ~2 
v~ R~q~ (~) Go vn~ + tm X 

r i ~. r i . 

• 

Go( ~ni r~ )= Y~176 Vnl)--J~176 (-~'vni) ' 
are roots of the characteristic equation 

G1 (ki Vn i) = Yo  (Vn i) J1 (ki ~n i) - -  Jo (vn i) Y1 (k, Vni) = 0. 

(2o) 

(21) 

(22) 

Simiiarly, for problems with a boundary condition of the third kind at the outer surface 

where 

I ( . ) ]  ~2 2 r t i (r, ~) = -2-2 ~.Uo ~'~i X 
2rl [ ' 

n . = l  
t 

k 2 2 -2 }--1 x { J0~(%)[1 + ,,~,,,/B~] x 

• 1 - o x p -  r,2 

4,- exp r~ 

X 

_ _  § 

X 

r i 

-1 

( ; )  (;) (~) r r - -  Jo (~n i) Yo ~ni X Uo Y"i =Yo(Yni) Jo ~"i 

(2s) 

(24) 

and ?,ni are roots of the characteristic equation 

Uo (ki ~'~i ) 
u~ (/~ ~, .~ ) 

go ( Yn i ) Jo (kffn i ) -- Jo (Yn~ ) Yo (ki %)  
-- Yo (~) J~ (k~ %) -- Jo (~) Y~ (k, ~ )  

NOTATION 

_ ki 7n i 
Bi2 

(25) 

X, a - thermal conductivity and diffusivity, respectively; t m - melt ing temperature; p - density; F - specific 
heat of  fusion; Q ( v ) / ~ r  - specific heat flux to internal surface of hollow cylinder, 
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